Families of vector-like deformed relativistic quantum phase spaces and corresponding realizations are analyzed. Method for general construction of star product is presented. Corresponding twist, expressed in terms of phase space coordinates, in Hopf algebroid sense is presented. General linear realizations are considered and corresponding twists, in terms of momenta and Poincaré-Weyl generators or gl(n) generators, are constructed and R-matrix is discussed. Classification of linear realizations leading to vector-like deformed phase spaces is given. There are 3 types of spaces: i) commutative spaces, ii) κ-Minkowski spaces and iii) κ-Snyder spaces. Corresponding star products are i) associative and commutative (but nonlocal), ii) associative and non-commutative and iii) non-associative and non-commutative, respectively. Twisted symmetry algebras are considered. Transposed twists and left-right dual algebras are presented. Finally, some physical applications are discussed.
Introduction
Reconciliation of quantum mechanics and general relativity, leading to formulation of quantum gravity, is a longstanding problem in theoretical physics. At very high energies, gravitational effects can no longer be neglected and spacetime is no longer a smooth manifold but rather a fuzzy or some type of non-commutative space [1] . Non-commutative geometry is one of the candidates for describing the physics at the Planck scale. Combined analyses of Einstein's general relativity and Heisenberg's uncertainty principle lead to very general class of non-commutative spacetimes [1] , for example Gronenwald-Moyal plane [2, 3] and κ-Minkowski algebra [4, 5, 6, 7] . Generally, physical theories on non-commutative manifolds require a new framework of non-commutative geometry [8] . In this framework, the search for generalized (quantum) symmetries that leave the physical action invariant leads to deformation of Poincaré symmetry, with κ-Poincaré symmetry being one of the most extensively studied [4, 5, 6, 9, 10, 11, 12, 13, 14] One example of deformed relativistic symmetry that could describe the physics at the Planck scale is the κ-deformed Poincaré Hopf algebra symmetry, where κ is the deformation parameter usually corresponding to the Planck scale. It has been shown that a quantum field theory with κ-Poincaré symmetry emerges in a certain limit of quantum gravity coupled to matter fields [15] , which amounts to a non-commutative field theory on the κ-deformed Minkowski space.
It is known [2, 16] that deformations of a symmetry group can be realized through application of Drinfeld twists on that symmetry group [17] . The main virtue of the twist formulation is that the deformed, twisted symmetry algebra is the same as the original undeformed one. There is only a change in the coalgebra structure [2] which then leads to the same single particle Hilbert space and free field structure as in the corresponding commutative theory.
In [18] , complete analysis of linear realizations for κ-Minkowski space that are expressed in terms of generators of gl(n) algebra was given. Method for constructing Drinfeld twist operators, corresponding to each linear realization of κ-Minkowski space satisfying cocycle and normalization condition was presented. Symmetries generated by Drinfeld twists were classified and κ-Minkowski space was embedded into Heisenberg algebra having natural Hopf algebroid structure. In [19] , a method for construction of star product and twist in Hopf algebroid sense was presented.
Assuming vector-like deformations, we aim to explore which kinds of deformed relativistic quantum phase spaces can arise. In the present paper we consider general vector-like deformations of relativistic quantum phase space and expand results from [18] to all possible linear realizations and we construct corresponding twists. Linear realizations and vector-like deformed spaces are classified in 3 types and related symmetry algebras are presented.
In section 2, general vector-like deformed relativistic quantum phase spaces are constructed and corresponding realizations are presented. In section 3, the method for general construction of star product and twist (expressed in terms of phase space coordinates) in Hopf algebroid sense is presented. In section 4, linear realizations are considered and corresponding twists (expressed in terms of momenta and Poincaré-Weyl generators or gl(n) generators) are constructed. Also, the Rmatrix is discussed. In section 5, classification of linear realizations leading to vector-like deformed phase spaces is given. There are 3 types of spaces: i) commutative spaces, ii) κ-Minkowski spaces and iii) κ-Snyder spaces. In section 6, twisted symmetry algebras are considered. In section 7, transposed twists and left-right dual algebras are presented. Finally, outlook and discussion are given in section 8.
2 Vector-like deformations of relativistic quantum phase spaces and realizations
(1), we consider a realization ofx µ of the form
where x µ are commutative coordinates conjugated to p µ , i.e.
describing undeformed phase space Heisenberg algebra H. Undeformed coordinates x µ generate enveloping algebra A, which is a subalgebra of undeformed Heisenberg algebra, i.e. A ⊂ H. Momenta p µ generate algebra T , which is also a subalgebra of undeformed Heisenberg algebra, i.e. T ⊂ H. Undeformed Heisenberg algebra is, symbolically, H = AT . Then the structure of commutation relations [x µ ,x ν ] is given by:
where F 1,...,4 are also functions of A and B which can be expressed in terms of functions f 1,...,5 and their derivatives. We point out that this construction, eq. (2) and (5), unifies commutative spaces with ϕ µ ν = δ ν µ , as well as various types of NC spaces, including κ-Minkowski space [9] , Snyder type spaces [22, 23, 24] and κ-Snyder spaces [25] . Moyal type spaces (θ-deformation) [3] could also be included in this construction by adding χ µ (p) in realization ofx 
Star product and twist operator
The action ⊲ is defined by
Then, it follows [18] x
where M 1,n−1 is Minkowski momentum space and P µ (k, q) satisfies differential equation
with
Hence,
and
where
The star product is defined by [18] 
The deformed addition of momenta is defined by
The coproduct ∆p µ is
For functions f (x) and g(x), which can be Fourier transformed, the relation between star product and twist operator is given by [26, 27] 
where m is a map m : H ⊗ H → H such that m(h 1 ⊗ h 2 ) = h 1 h 2 with h 1 , h 2 ∈ H and
The symbol : · : denotes the normal ordering in which x-s stand left from p-s.
If the generatorsx µ close the subalgebra, i.e. if the commutator [x µ ,x ν ] does not depend on momenta, then PBW theorem holds, the star product is associative and the coproduct is coassociative. The inverse statement also holds. If the star product is associative, the twist operator eq. (18) satisfies the cocycle condition in the Hopf algebroid sense and vice versa [27, 28, 29, 30] .
It also holds
The above construction generalizes the section 4 in [18] to nonassociative star products. Note that the commutator [p µ ,x ν ] is given by
Linear realizations and twists
In this section, we consider linear realizations of vector-like deformed phase space, that is the realizations where the function ϕ µ ν (p) is linear in momenta.
where K αν µ ∈ R is proportional to the deformation scale 1/M . In terms of c 1,...,4 ,x µ = x α ϕ α µ (p) and K αν µ are given bŷ
Sincex
Lie algebra is closed inx
. Application of equations (10) and (14) 
The function D µ (k, q) is given by
which defines the deformed addition of momenta. For linear realizations, star product is associative if and only if condition (31) is satisfied. Up to the second order in the deformation, the function
It is straightforward to show that the deformed addition of momenta
is associative in the first order and in order to be associative in the second order, condition (31) has to be satisfied, which also implies a Lie algebra closed inx µ . Lie algebra closed inx µ leads to the associative star product, which leads to associative D µ (k, q), which implies that for linear realizations
is associative in all orders if and only if the condition (31) is satisfied.
The deformed coproduct of momenta ∆ :
and it is a function of momenta with property 
Twist and R-matrix
Combining equation (18) for twist and equation (36) for deformed coproduct of momenta yields
Furthermore, it can be shown that [18] . Using identity (40), we find
Twist (39) is written in Hopf algebroid approach [26, 27] . Main point is that it can be written in the standard form (41), where x α p β is identified with gl(n) generators L αβ , satisfying (28) . Twist (41) satisfies the normalization condition
For linear realizationsx µ that close a Lie algebra
, twist (41) will satisfy the cocycle condition, for arbitrary choice of vector u µ
The proof is analogous to the one provided in [18] . Generally, if condition (31) is not satisfied, twist (41) will not satisfy the cocycle condition (43) . R-matrix is given by [26] (see also [31] )
In the case of commutative spaces with [p µ ,x ν ] = −iδ ν µ , coproducts ∆p µ are cocommutative, star product is commutative, R − 1 ⊗ 1 ∈ I 0 and F −1 −F −1 ∈ I 0 (see equation (19) for definition of right ideal I 0 ). R-matrix is given by
is the classical r-matrix, which will satisfy the Yang-Baxter equation if and only if the condition (31) is satisfied.
Twisted flip operator τ is defined by
and it satisfies the following properties
Projector operators for the twisted symmetric and antisymmetric sectors of the Hilbert space are given by
Using twisted flip operator, the bosonic state is defined by
Note that the bosonic state remains invariant under action of the projector operator 1 2 (1 ⊗ 1 + τ ) for the twisted symmetric sector of the Hilbert space.
Three types of star products from linear realizations
In this section, we present star products which are: i) commutative and associative (subsection 5.1), ii) non-commutative and associative (subsection 5.2) and iii) non-commutative and nonassociative (subsection 5.3).
Commutative spaces with
Using linear realizations forx µ = x α ϕ αµ (p) with ϕ µν (p) given in equation (24), and using equation (27) restricted to commutative case, i.e. [x µ ,x ν ] = 0, we find three families of solutions for commutative spaces.
For the sake of simplicity, c ≡ c 3 will be used in the rest of this subsection. For the family i),
Functions P µ (k, q) and D µ (k, q) for the family i) are given by
For the family ii),
Furthermore,
For the family iii),
Note that for each family of commutative spaces,
, which implies commutativity of the corresponding star products and cocommutativity of the corresponding coproducts. Also, for each of these families,
, which implies associativity of the corresponding star products and coassociativity of the corresponding coproducts, which is consistent with [x µ ,x ν ] = 0.
κ-Minkowski spaces
There are four families of linear realizations of κ-Minkowski space. Their classification is given in [18] :
Family C 4 was also considered in [32, 33] . For each family, parameters c 1,...,4 are given by 
We point out that c = 0 for u 2 = 0 and c ∈ R for u 2 = 0. The commutator of coordinates is given by:
where a µ = (c 1 − c 2 )u µ . Explicitly, for C 1 , C 2 , C 3 and C 4 , functions K −1 µ (k) and D µ (k, q) are given by:
• Case C 1 :
Note that for each of these families,
, which implies associativity of the corresponding star products and coassociativity of the corresponding coproducts, which is consistent withx . We note that Jordanian twist, leading to κ-Minkowski space [34] produces linear realizationŝ x µ = x µ (1 + a · p), which belongs to the case C 2 . New construction of a simple interpolation between two Jordanian twists, corresponding to linear realizations C 1 and C 2 , was proposed in [35] .
Deformed phase spaces generated by Poincaré-Weyl generators /κ-Snyder spaces
Here, we consider the algebras with c 3 = 0 and c 4 = −c 1 , i.e. the realization is:
where M µν = L µν − L νµ are the Lorentz generators and D = x · p is the dilatation operator. The algebra of generatorsx µ , M µν and D is given by:
For the realization (86), functions
The function D µ (k, q) is associative only in two cases -in the case c 1 = 0, which corresponds to realization (65) (κ-Minkowski C 1 ) with c = 0 and in the case c 2 = 0, u 2 = 0, which corresponds to the realization (68) (κ-Minkowski C 4 ).
There are special cases of deformed phase space generated by Poincaré generators appearing only in 1+1, 2+1 and 3+1 spacetime dimensions. Their realizations are given by
2 + 1 :
3 + 1 : 
, u 2 = 0 were considered in [25] .
Twisted symmetry algebras
In undeformed igl(n) Hopf algebra, coproducts
When applied to undeformed igl(n) algebra, the twist (41) produces the corresponding deformed igl(n) Hopf algebras or generalized Hopf algebras (quasi-bialgebras). For h ∈ igl(n), the deformed coproduct ∆h is given by ∆h = F ∆ 0 hF
where ∆ 0 h is the undeformed coproduct of h. Antipode S(h) is obtained from the coproduct ∆h using the identity
where ǫ(h) is the counit, which remains undeformed. Coproducts and antipodes of p µ and L µ ν are given by
For the family i) of commutative spaces (subsection 5.1), the coproduct and the antipode of p µ are given by:
For the family ii) of commutative spaces (subsection 5.1)" the coproduct and the antipode of p µ are given by:
For the family iii) of commutative spaces (subsection 5.1)" the coproduct and the antipode of p µ are given by:
For the families C 1,2,3,4 of κ-Minkowski spaces (65), (66), (67) and (68), presented in subsection 5.2, coproducts and antipodes of p µ and L µ ν are presented in [18] . For deformed phase spaces generated by Poincaré-Weyl generators (86), presented in subsection 5.3, the coproducts are coassociative only in two cases -case c 1 = 0 and case c 2 = 0 with u 2 = 0 -which correspond to κ-Minkowski space. Otherwise, these deformed phase spaces lead to generalized Hopf algebra (quasi-bialgebra) with non-coassociative coproducts. For these deformed phase spaces, coproduct and antipode of p µ are given by
7 Transposed twists and left-right dual algebras
The transposed twistF = τ 0 F τ 0 , obtained from F by interchanging left and right side of the tensor product, is given byF
TwistF will be Drinfeld twist, satisfying cocycle and normalization condition, if and only if this also holds for the twist F . From transposed twistF , a set of dual non-commutative coordinates can be obtainedŷ
In the second order of deformation, dual coordinatesŷ µ are given bŷ
Commutators
where T µνβ α is given by
Condition T µνβ α = 0 is equivalent to condition (31) , which corresponds to the case of Lie-algebraic deformation.
For commutative spaces (50)- (52), coproducts are cocommutative, thereforeF and F are equivalent, i.e. F −1 −F −1 ∈ I 0 , and the result is trivial:ŷ µ =x µ . For special cases of κ-Minkowski spaces, results forŷ µ are given in section VII of [18] . For Lie-algebraic deformations, non-commutative coordinatesx µ commute with their dualsŷ
and their duals also close a Lie algebra
For deformed phase spaces generated by Poincaré-Weyl generators (86), result forŷ µ to second order iŝ
Generators (86) fail to commute with their duals in the second order
and commutator of their duals is given by
Outlook and discussion
Families of vector-like deformed relativistic quantum phase spaces and corresponding realizations are analyzed. Method for general construction of star product is presented. Corresponding twist, expressed in terms of phase space coordinates, in Hopf algebroid sense is presented. General linear realizations are considered and corresponding twists, in terms of momenta and Poincaré-Weyl generators or gl(n) generators, are constructed and R-matrix is discussed. Classification of linear realizations leading to vector-like deformed phase spaces is given. There are 3 types of spaces: i) commutative spaces, ii) κ-Minkowski spaces and iii) κ-Snyder spaces. Corresponding star products are i) associative and commutative (but non-local), ii) associative and non-commutative and iii) non-associative and non-commutative, respectively. Twisted symmetry algebras are considered. Transposed twists and left-right dual algebras are presented.
In this paper, we were dealing mostly with linear realizations and corresponding twists. In commutative spaces (subsection 5.1) and κ-Minkowski spaces (subsection 5.2), i.e. in Lie deformed Minkowski spaces, linear realizations lead to Drinfeld twists satisfying cocycle and normalization condition. In κ-Snyder spaces (subsection 5.3), star product is non-associative and twist does not satisfy cocycle condition. Field theories defined on spaces with non-associative star products are constructed, see for example on κ-Snyder space [25] and on Snyder space [23, 36, 37, 38] . Properties of field theories on non-associative star products are under current investigation. In [21] , phenomenological analysis related to vector-like deformations of relativistic quantum phase space and relativistic kinematics was elaborated up to first order in deformation, particularly on particle propagation in spacetime. Note that if NC coordinatesx µ close a Lie algebra inx µ , then corresponding deformed quantum phase space has Hopf algebroid structure [26, 27, 28] . Otherwise, coproduct is non-coassociative and corresponding structure should be quasi-bialgebroid. Generalization of Hopf algebroid which includes antipode is under investigation. Corresponding symmetry algebra is a certain deformation of igl(n) Hopf algebra. This new framework is more suitable to address questions of quantum gravity [39] and related new effects of Planck scale physics.
We point out that in all Lie deformed Minkowski spaces, problem of finding all possible linear realizations is closely related to classification of bicovariant differential calculi on κ-Minkowski space [33] . Namely, requirement that differential calculus is bicovariant leads to finding all possible Lie superalgebras generated by non-commutative coordinates and non-commutative one-forms. Corresponding equations for structure constants from super Jacobi identities are the same as (31) . Linear relalizations expressed in terms of Heisenberg algebra can be extended to super Heisenberg algebra by introducing Grassman coordinates and momenta. Corresponding extended twists generate whole differential calculi. In [40] , a new class of linear realizations leading to Lie deformed Minkowski spaces has been proposed and related twisted statistics properties have been considered.
It is much easier to understand and to perform practical calculation in the non-commutative space with linear realization of non-commutative coordinates. In [41, 42] it is proposed that the non-commutative metric should be a central element of the whole differential algebra and that it should encode some of the main properties of the quantum theory of gravity. Linear realizations might provide a way to perform such calculations for a large class of deformations, and for all types of bicovariant differential calculi and predict new contributions to the physics of quantum black holes and the quantum origin of the cosmological constant [43] .
W µ
Momentum p W µ is calculated from
Multiplying by inverse matrix leads to:
or, order by order:
First few terms in the expansion are:
For K µνα leading to non-commutative coordinatesx µ that close a Lie algebra, i.e. [x µ ,x ν ] = iC µν λx λ , this can be written without nesting:
where K 
For κ-Minkowski space, see [18] .
